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Effective action of an SU{2) gauge model with a vortex in 4-dimensional space time is calculated 
in the 1-loop approximation. The minimum of the effective potential is found. 



I. INTRODUCTION 

0\ • The phenomenon of confinement in non-Abelian gauge theories has satisfactory explanation in a 
^ . number of models (for a review, see, e.g., |l|). According to one of them, the color electric flux of 
,_H '. the quark anti-quark pair is squeezed into a flux tube and this leads to a linear rise of the quark 



interaction potential energy. The so called projection techniques, developed since the early papers of 
't Hooft and Mandelstam [Q, provided convenient tools, such as maximal Abelian gauge, for further 
studies of this mechanism on the lattice, which brought numerical evidence that color electric flux 
tubes are formed due to the dual Meissner effect generated by the condensation of color monopoles 
0] (see, also 0], and references therein) - the phenomenon dual to the well known formation of 
strings with a magnetic flux in them in the theory of superconductivity (Abrikosov-Nielsen-Olesen 
strings 0). Another explanation of confinement is based on the method of maximal center gauges 
^^ 131' 0' which displayed the center dominance and lead to the center vortex picture of confinement. In 
P^ this picture, the existence of Z{Nc) vortices, whose distribution in space time fluctuates sufficiently 
^H ' randomly, provides for the so called area decay law for the Wilson loop expectation value, which 
0\ . implies a linear static quark potential (for latest references see, e.g. ). 

There are many questions left concerning the dynamics of vortices, as well as their origin. A field 
theoretical description of them has been started as early, as in 1978 [|l3], and in the well known 
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"spaghetti vacuum" picture |TT| , which has been recently developed in the framework of the theory 



D , of 4D surfaces and strings in a number of papers []12|, [H, |]13|- Recently, the continuum analogue 



of the maximum center gauge was constructed and discussed in |jT^. At the same time, study of 
simple models that allow for exact solutions may shed light on the complicated general problem of 
^ vortex dynamics. 

In the present letter, we consider the one-loop contribution of gauge field fiuctuations about a 
pure gauge configuration with a gauge field vortex in a 4-dimensional space of nontrivial topology, 
S^ X R'^, i.e., with a cylinder. This configuration resembles the simplest imitation of the Aharonov- 
Bohm effect with a string and a non-zero magnetic fiux in it. We demonstrate that our result, with 



an evident reinterpretation, confirms the conclusions of the recent work of D. Diakonov |T^, who 
investigated potential energy of vortices in the 4- and 3-dimensional gauge theories. 



II. THE EFFECTIVE ACTION 



We consider the generating functional of the gluodynamic model for the gauge group SU{2) in the 
4-dimensional space time S^ x R^ with a cylinder 
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Z[Aj] = j dal^dxdxexp [-S4] j da^ exp [-S'2] , (1) 

where the action S of the gauge field is spht into two parts, 

S = 8^ + 82 = j d^x^U+j'^^a^) + Jd^x{L2+r^a''^), (2) 

^4 for the 4-diniensional space time 5*^ x R'^ and S'2 for the 2-diniensional cyhnder 8^ x R^, whose 
presence, in the same way as a deleted point in the 2-dimensional plane, attributes a nontrivial topol- 
ogy to this space configuration. The Lagrangian of the gauge field A^ in the external (background) 
field has the familiar form 

L4 = ^(F;J^ + j-^{Dfa'n' + UD'Uxt. (3) 

Here, F^^ = V^A^ - V^A^ - ig{T^Y''A''^Al, Df = 5"^V^ - ig{T'^)''^ A^, T" are the S[/(2)-group 
generators taken in the adjoint representation, A't = A't + a", where A't is the background field, 
a^ are quantum fiuctuations of the gluon field about the background, and x ^^'^ X ^-^e ghost fields. 
We expand the Lagrangian and keep the terms that are quadratic in gluon fiuctuations, which 
corresponds to the one-loop approximation. After this, the path integral becomes Gaussian and for 
the effective action F, related to Z hy Z = exp(r), we obtain T'^^^ = T^^ +T2 , where 

r«[A] = ^Trln[ea-Trln[(-DY1, fi,iy e 8' x R\ (4) 

(here the first term corresponds to the gluon contribution and the second one is the ghost contribu- 
tion), and 

r«[A] = lTrln[ea, f,,ue8'xR\ (5) 

The operator in @) is defined as 

©?. = -9,ADxD'r + '^wirr'F;, + (1 - l/i){D,D,r\ (6) 

where T°- are the S'[/(2)-group generators taken in the adjoint representation. We choose the gauge 
^ = 1, which makes the third term in (^) vanish. We take the external field potential to be Abelian- 
hke 

A^^ = n^A,, F;^ = n^F,,, (7) 

where n" is a unit vector pointing in a certain direction in the color space. 

Let z/" (a = 1, 2, 3) denote the eigenvalues of the color matrix {n'^T'^), then we have \i>°-\ = (1, 1, 0). 
Finally, for the operator (^ we obtain: 

©J = -^m^[Va - tgin'^nA.r' + ig{n^Tr'F,,. (8) 



Following the ideas of [0], in order to model the vortex configuration in continuum Yang-Mills theory, 
we take the external field potential to be pure gauge on the surface of the cylinder p = const = R, 
i.e., 

Af, = -ujd^uj'^. 
9 



As a simple nonsingular configuration (corresponding to a "thick vortex" ^^), we take the gauge 



field potential in the S^ circle p = const = R, in the polar coordinates, in the form 

_JAo = ^/i2ngR), p e S' (fi = 9) 
^"1 0, /iGR3 (/i = 2,3,4), ^^^ 

with $/(7 = const as the fiux through the cylinder. As is well known, in this situation we can 
introduce the 2-dimensional vector in the p6 plane 

n — —r A 

Then 

i d _^ 



and we have 
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g J dOr^G, = ^J dOu—u-' = n, (10) 





i.e., the topological charge corresponding to mapping from the circle around the cylinder surface to 
the U{1) group space (Pontryagin index). In our example (|]), $ = 27rn. 

III. EFFECTIVE POTENTIAL 

The spectrum of operator (P) after diagonalization in the 4-dimensional case 

e;: = -g,,^'^ (11) 

is given by the eigenvalues of the operator 

A" = (VA-^^^^"^)^ (12) 

which are evident in this case: 

J_(/_^«^)2 + k2^^a^k^/), /eZ, /x = ^,2,3,4, (13) 

where x = RgAg = $/(27r). The same eigenvalue A°(k^, /) = A"(k^, /) is obviously obtained for the 
corresponding ghost operator in (^. 

After all the transformation described above we arrive at the final formula for the 4-dimensional 
effective action 

O °° / 1 \ 

^^'^[^] = 2^^:rz^^''^"' ^ ^ 2 ^ log[A;:(k^o]-log[A'^(k^o] , (14) 

1 l=—oo k y 1^=9,2,3,4: J 

where fi = J d^x = 2ttR j dx2dx2,dxi is the 4- volume of the space time. 
In what follows we use the "proper time" representation 

/as 
— exp(-sA),ReA>0, (15) 



which is vahd once the subtraction is performed at the lower integration hmit. Next we transform 



summation over I in (|T^) with the help of the identity 
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) cos(27rx/). 



After performing necessary operations in ([T^ ) we obtain the 4-dimensional effective potential: 



(16) 
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(17) 



The final integration over s is easily performed and we find: 
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BJx). 



This formula, after replacements 2ttR by 1/T, and Ae by Aq, corresponds to the well known finite 
temperature (T 7^ 0) result for the free energy of gluons ||16[ in the background of a constant Ao 
potential (see also, [ITi 



give the result 
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T8[]). Similar calculations for the contribution of the 2-dimensional cylinder 
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Here, and in (|18D we used the Bernoulli polinomials defined according to 

cos(27r/x) 



(19) 
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In particular 
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Concerning the results obtained, it should be remarked that, first, the Bernoulli polinomials depend 
on the argument defined modulo 1, and hence the effective potential conserves the Z2 symmetry, 
characteristic for vortices, and, second, evident renormalization of the result has been performed. 
After summation of the two contributions is performed we obtain 



Vi + 



3ttR^ 



V2- 



(20) 



The second term for the 2-dimensional cylinder has been averaged over three possible orientations of 
the coordinate axes with respect to the cylinder in the 4-dimensional space time and over the area 
of its cross section. The final result, with the terms independent of gAg having been omitted, has 
the simple form 



^^x(2-x)(l-x^), x = ^. 



(21) 



The result obtained coincides formally with that derived in [^ for the following configuration of 
the 4-dimensional space time: a plane with a deleted point at the origin, and the potential A^ with 
a singularity at a string going through the origin. This coincidence has a simple explanation: in 



both cases we have the same general topological situation, defined by the Pontryagin index (0). It 
should be mentioned, that in our case the background potential was defined on the cylinder and had 
no singularity, while in the latter case, it was defined on a plane with a singularity at the origin, 
and hence the complete basis with Bessel functions had to be employed in calculating the functional 
trace. 

As in [15], the potential has minima (equal to zero) at a: = and x = 1, and, due to its periodic 
properties, at all integer values of x, though, the potential has a jump of its derivative at these 
points. The values of the fiux that provide minimum for the effective potential, correspond to ±1 
values of the elementary Wilson loop that goes along the contour C encircling the cylinder: 



< W{C) >= - < Tr P exp tg J A^dx^ > 



cos hra; 



(22) 



The same situation has already been reported in |T^. As was argued in recent publications (see, 
e.g., p, 0), the value W{C) = — 1 characterizes the vortices, that pierce the area of the large 
Wilson loop with Gaussian distribution, thus providing for the area law and for the linear confining 
potential. 
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